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1. Introduction and summary. Let Xt be a separable, continuous (in law),

decomposable process on a finite time interval £= [ti, h], that is, the incre-

ments Xi,,t) = Xt — X, over disjoint intervals in £ are independent random

variables and X[tlit) is continuous in law, hence almost surely (a.s.): Xt-^X,

a.s. as t—>s for each sE T. For such process the famous Raikov theorem states

that if EX[tut)=0 for each /, then X[tl,tt) is distributed 31(0, a2) if, and only

if» 2^1^ Xnt—^a2 in probability as m—> », where X„k = Xltn,i_l,tnt) and

2Dn,*-i, t„k) = T are partitions, <Pn(T), of £ with maxt (tnk — tn,k-i)—>0. Paul

Levy then obtained for the Brownian motion process that, if the partitions

{(Pn(£)} are a sequence ordered by refinement with max(/„A — tn,k-i) —>0, then

in fact ^Xlr^a2 a.s., the variance of X[tl¡t¡). The Brownian motion assump-

tion is easily replaced by the assumption that the process is continuous and

the increments are normally distributed and centered at expectations.

Recently M. Loève [2] considered the problem for more general functions

of the increments, giXnk), than X„t. His results concern the general double

sequences of independent, uniformly asymptotically negligible random vari-

ables of the modern central limit problem. When applied to processes, these

results generalize the Raikov theorem to yield convergence in law of ^g(X„t)

when g is a continuous function having a second derivative at the origin with

g(0)=0. The second derivative assumption can be weakened, but then cen-

tering constants have to be introduced to obtain convergence.

Finally Rubin and Tucker [3] generalized the Paul Levy theorem (for

squared increments), showing that a.s. convergence held for separable, de-

composable processes with stationary increments provided one took parti-

tions with equal increments and the number of elements, k„, in the Mth parti-

tion went to infinity very rapidly, namely 2(l/&n)1/3< °°.

We will first drop the stationary increments assumption and show that the

sum of squared increments converges a.s. along the sequence {(?„(£)}, thus
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improving the result of Rubin and Tucker. Then we will show that the result

extends to continuous functions, g, of the increments having second deriva-

tives at the origin, paralleling the extension of Raikov's theorem by Loève.

2. Some lemmas. In the sequel, Xt, Yt, and ZT, with or without primes,

denote separable, continuous, decomposable processes on T. For simplicity we take

P= [0, 1 ] and {<?n(T)} denotes a sequence of partitions of P ordered by re-

finement with max{tn.k — tn.k-i\ 1 =£ = &„}—>0 as «—>». Adding some parti-

tions to the sequence if necessary, we can assume without loss of generality

that the wth partition divides P into exactly « increments. Unless otherwise

stated, all limits will be along {(Pn(T)}. The truncation of a random variable

at 6>0 will be denoted by X™ = XIUX\si).

The characteristic function of -X"to,o then has the fnrm/i = exp{^,} where,

in standard notation

r ( iux  \1 + x2
pt(u) = iua, +   I   I eiux — 1-J-dAtt(x)

J    \ I  +  X2/      X2

and will be denoted simply (at, ^i). The law of the process over T will be

denoted by (aT, ^Fr).

For the reader who is unfamiliar with this formalism we may remark that

for a decomposable process, neglecting a null set of sample functions, the

sample functions are bounded, have right and left limits at every point, and

the discontinuities are jumps. Furthermore, in any time interval [0, /), the

number of jumps of the sample function whose magnitude lies in (— », x)

for x<0 or (x, ») for x>0 is finite and Poisson distributed. Letting P((x)

denote the expected number of jumps in time interval [0, /) whose magnitude

is <x<0 and —P¡(x) denote the expected number of jumps ^x>0, we have

*•(*) = f    7-7-7 dL,(y), x<0,
J _„ I + y2

¥,(«) - ¥,(*) =  f     —f— dLt(y), x>0.
J x    l 4- y2

Finally, ^(04-) — ̂(0 — ) =a2 is the variance of the normal part of the

process, and a¡ corresponds to a sure function or "drift" on P.

Our assumptions imply that at is a continuous function of /. In addition

we assume at is of bounded variation on T in what follows. All summations will

be for k=l, 2, • ■ ■ , n, unless otherwise stated.

Lemma 1. The sum T„= 2~2wnkX„k is uniformly bounded in probability for

all partitions of T and constants w„k with \ w„k\ == 1, i.e., for arbitrary e>0, there

is a constant 6, depending only on t such that P[\ Tn\ >6t] <e.

Proof. Let Xt have law (aT, ^t), and let ±6 be continuity points of

^i(x). Define YT by



C      i »
ßt = at -  I — ¿*((x),        ¥.(*)

t/ |i|>¡>    x
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Yt=Xt- Jb,t

where Jb.t is the sum of the (finite number of) jumps of the sample function

Xt during [0, t) whose absolute magnitude exceeds ft. It is obvious that Yt

is a separable, continuous, decomposable process with law (pV, ^r) where

'*i(-i) if x = b,

¥,(x) if -b < x á *■

.¥,(ft) if x > ft.

Let An= 2~lwnkY„k. The process YT has finite moments and for all partitions

| £An |   g Total variation {ßt; 0^(^l}+ ft*i[-ft, ft]

and

Var(A„) = 2Z™2nk VariYnk) á Var(Fi) < ».

By Chebishev's inequality, the A„ —£A„, hence the A„ are uniformly bounded

in probability. Now let yl = [sup {| A'« | ; 0 = í = l} úb/2], £= [| An| gb.] and

C=[|r„| gft«]. Since AB=AC, we obtain \PB"-PC'\ =PAC. Lettingô, bt be
large enough so that PAc<e/2 and ££c<e/2 for all partitions completes

the proof of the lemma.

Lemma 2. Let Yt and Zt be independent processes and F„= y, YnkZ„k.

Then, letting Pz denote the conditional probability given Zt, Pz[\ V„\ >e]—>0

a.s. for each e>0.

Proof. Let zt be a sure function on £ having right and left limits at

every point, jump discontinuities and at most a finite number of jumps ex-

ceeding any S>0 in absolute value. Set

2~2z,lkYnk = Li.„ + Mt.n    where

Lt.n   = 2-1 ZnkYnk.

(*¡I«»*I>«1

Then the almost sure continuity of Yt yields £j,„—>0 in probability (in fact,

Lt.n—>0 a.s.). On the other hand,

Afj,„ = í £ WnkYnk    where    wnk = znk/S or 0

according as \z„k\ - Ô or \znk\ > 8. By Lemma 1, £[|Mj,„| > e/2]

= £[| 2~lwnkYnk\ >e/25]-^0 uniformly in n as 5-K).

The conditional law of Yt given Zt can, by independence, be taken to be

the law of YT. Since outside a null set the sample functions Z((w) satisfy the

assumptions on zt, we can replace zt by Z<(w) in what precedes and obtain

Pz[\ Vn\   > «] Û Pz[\ Lt.n\   > */2] + Pz[\ M.,„|   > e/2] a.s.
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Letting «—» » and then 5—>0 proves the lemma.

Lemma 3. Let XT, YT, and Zt be three independent processes, Un = /.XnkZnt.

Vn= T,YnkZnk and Wn=Ua- V». Then

a.s. a.s. a.s.
Wn-► 0 implies  Un ——» 0  and  F„-> 0.

Proof. Let e > 0 be arbitrary and observe that

[\Un\   > 2e][\ V„\   <e]E[\Wn\   >e].

Let An= [| Un\ >2e] and Bmm = Am, Bmn = AcmAcm+i ■ ■ ■ An-iAn for n>m.

Then U„ïmyl„-U„am Bmn[\ F„| = e]£U„am [| Wn\ >«]. Since U„ and F„ are

conditionally independent given ZT we have

Pz{ U  Bmn[\ Vn\  = e]| = £ P*Pm„P*[| Fn|   = £] a.s.
Uim / warn

By Lemma 2, given 5>0 we can find a set C and an m such that

rl I i 1
Pz[ \V„   = c] < — on C for all n > m and PCC < 5.11      ' 2

Then

P (   E PZPmnP^[ |   Vn I    =  e] ) =  —  Z   ̂ ».C +   £   PPm„C*

1
= —P U   ¿„ + 5,

^ «am

hence,

-PU   ¿B = P U   [\Wn\   >e] + 5.

Again, the lemma follows upon letting n—♦ » and then 5—»0.

Lemma 4. Let { Un} and { F„} 6e a«y two sequences of random variables

which are independent of each other and have the same joint distributions. If

Wn= Un+Vn-^W a.s., then Un—*U a.s. and Vn—>V a.s. where U and V are

independent and identically distributed and U+ V=W.

Proof. Since

[Pn  -   Um>   t][Vn  -   Vm  >  t] VJ  [Um ~Un>  t][Vm -  Vn > «]

E[\Wn- Wm\   >2e],

we have
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P2[Vn -   Vm >  c]  + P2[Vn -   Vn >  e]   =  £[ |  Wn  -   Wm \    >  2i] -» 0

as n, m—>oo, hence £[| Vv— Vm\ >e]—>0. Also,

U   [\Un-Um\   >2e][\Vn-Vm\   ge]C   U   [\Wn-Wm\  > «],
nzm nzm

and, by the lemma for events (Loève [l, p. 246]),

( inf £[| Vn - Vn\   = e]\ P U   [| Un - Um\   > 2e]

= £ U   [|lF„-IFm|  >«].
nim

It follows that £U„im [| £„— î/m| >2e]—>0 as m—>», and the conclusion of

the lemma is immediate.

3. Two limit theorems. The proofs of the following theorems depend upon

repeated application of the methods of symmetrization and truncation, lead-

ing to the use of the martingale theorems.

Theorem 1. Let Xt be a separable, continuous, decomposable process with

law (ar, ^r), where at is a function of bounded variation on T. Then along the

sequence of successive refinements, (P„(£), o/ £ with the length of the largest inter-

val converging to 0,

L 2

idXt)2 = lim   2Z Xnk = a +2Z Jt     a.s

where a2 is the variance of the normal component of X{tx,nt and 2~1^ is the sum

of the squares of the jumps of XT.

Proof. The proof is divided into three parts.

1. Let XT and X'T he independent, identically distributed processes with

symmetric distributions. Recall the definition of Jb.t in Lemma 1, introduce

the curtailed process X¡=Xt — Jb,t, in the same way define X¡" = X't— J'bl,

and set

Qb,n  —   2-1 (Xnk)  , Rb.n  —   2-i %nkXn
b —'b

k

and Qn = Qx,n and £„ = £„,». For ft>0 fixed, we will show that {Qb.n} and

{£(,,„} are reversed martingale sequences. For {Qb.n] this may be established

by observing that for some k, Qb.n — Qb,n+i = 2Xn+1¿Xn+lít+1, and that the

«r-field determined by Qb.n-n, Qb,n+i, • • • is contained in the a-field, (B, deter-

mined by Xi, t = tn+i,k, and by | A? — X)>\, t, t'=tn+i,k. Since this tr-field places

a   symmetric   condition   on   the   symmetrically   distributed   process   on

[in+l.J:, tn+l,k+l),
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_b     _b         i       a.s._b          _b         i       a.s.
E(Xn+l,kXn+l,k+l I <B)    =    Xn+l,kE(Xn+l,k+l | (B)    =    0,

thus

E(Qb,n — Qb,n+l | Qb,n+l,Qb,n+2,  •   •  • )   =  0       a.S.

The assertion about the Rb,n sequence follows by a similar but more involved

argument. Now

EQb,n = Z E(xlk)2 = P(X[(1.2«,)) < ».

Since the Qb,n are nonnegative, the martingale convergence theorem applies

and Qb.n—*Qb a.s. where Qb is finite. Similarly,

E(Rb.n)2 =   EPA)2

and since max{p(À^)2; l=ife^«}-^0 as «-►», E(P¡,,n)2->0. It follows by

the martingale convergence theorem that Ps,»—>0 a.s. as «—»».

Almost all sample functions are bounded, hence have bounded increments,

and if Cb=[|X(| =6/2 and |Z/| =6/2, f£P], then Ch î C as 6 | » with
PC=1, and on C&, Rb,n = Rn and Ç\n = Q„ for all «. It follows easily that

P„—>0 a.s. and Qn—>Q finite a.s.

2. If Xt is not symmetrically distributed, we then consider the sum

P„= 2^1(Xnk— Ynk)(Xnt— Y'nt), where XT, YT, X'T and Y'T are independent

and identically distributed. Then by part 1 above, Rn—»0 a.s. and, by Lemma

3, £-X\>*(^rit— Y'nt)—»0 a.s. and ]C-^nfc-^n*~>0 a.s. Also, by part 1 above

2~2(Xnk~X'n/)2 converges a.s., and thus we obtain that ]C-^ü*+ 2~l^'n\ con-

verges a.s. By Lemma 4, 2~L^-nt converges to (some) S. It remains to deter-

mine the random variable S.

3. Let ±e be continuity points of ^h, set 5,,„= X(^i*)2> Sn = Sx,n and

observe that S„ = Qn. Since almost all sample functions have only a finite

number of jumps {Jt} in P in absolute magnitude greater than e>0 and

none equal to + e, and since right and left limits exist, it follows that

a.s.     ^    i
Ob — S,,„->      2-1   J t.

Thus St,n—>S«a.s.,and as € i 0, the S, are nonincreasing. If we set So = lim.j 0 St,

we have S — So= £•/? a.s. It remains to determine So. If the process is sym-

metrically distributed,

Var(5«,n) = £ Var(Xn;V = £ E(X^)A ^ e2£ B(xS)* = e*ESt,n

and
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*(€) - *(_«) <-££      {   "k)       ú ES... í (1 + e2) ZE     {   "k)       ■
^     1 + (A<«>)2 1 + (A«'))2

nk nk

These inequalities yield uniform integrability of the 5,,„, hence £50

= lim,|o {^(í) —^( —e)} =<r2. The inequalities also imply the degeneracy of

So at a constant. If the process is not symmetric, then by part 2 above,

£(A$)2 + ¿(X&V-^a* a.s. as «-»co and then e I 0. Then Lemma 4 im-

plies £(A£¿)2—xr2 a.s. in the iterated limit. The theorem is proved.

Theorem 2. Let g be a continuous function on the real line having a second

derivative at 0 and with giO) = 0. Then if AV satisfies the conditions of Theorem 1,

/,
gidXt) = lim 2Zg(Xnk) = g'i0)Xlh,h) + -g"i0)a2+ £ [g(Jt) - g'(0)Jt]

T n—»» 2
a.s..

where, as before, a2 is the variance of the normal part of A[tl,Í2) aM<i the sum on the

right is over the jumps of Xt.

Proof. The hypothesis implies that g is of the form g(x) =ox+ftx2+ft(x),

where A is a continuous function and h(x)=o(x2) at the origin. Because of

Theorem 1 we may restrict our attention of the function h. We will show that

2>(An)fc)-> !>(£<) a.s. In fact,

| £ h(Xnk) |   ^ sup{A(x)/x2; | x\   = e} £ (A^)2,

and, letting m—»«> and then ejO, we have  £A(A¡¡2)—>0 a.s. Then, taking

± « to be continuity points of ^¡j,

£ KXnk)   -   £ hiXÍ'k)   = £ hiXnk)
[*; |X„»I>«)

which converges a.s. to

£ KJt).

The proof is completed by letting e | 0.
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